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POSITIVE RICCI CURVATURE THROUGH CHEEGER
DEFORMATION
LEONARDO F. CAVENAGHI AND LLOHANN D. SPERANC¸A
Abstract. Let (M, g) be a Riemannian manifold with an isometric G-action.
If a principal orbit has finite fundamental group and RicMreg/G ≥ 1, Searle–
Wilhelm [SW15] proved that M admits a new metric g˜ of positive Ricci cur-
vature. g˜ is obtained after a conformal change followed by a Cheeger defor-
mation. The question remained on whether it is sufficient to consider only the
Cheeger deformation to attain positive Ricci curvature on the new metric g˜.
Here we approach this question by giving necessary and sufficient conditions
on the G-action. In particular, we construct an infinite family of manifolds,
satisfying the hypothesis of Searle–Wilhelm, that do not develop positive Ricci
curvature after a finite Cheeger deformation. As a byproduct of the theory,
we give a simpler proof to Lawson–Yau theorem on the existence of positive
scalar curvature on manifolds with non-abelian symmetry.
1. Introduction
Producing metrics of positive sectional curvature is a very hard task. In fact,
there is a great discrepancy between the number of examples of positive curvature
and of non-negative curvature. On the other hand, a lot of work has been done
in what concerns the existence of metrics with positive Ricci curvature. Nash
[Nas79] and Poor [Poo75] construct metrics of positive Ricci curvature on classes
of principal, sphere and vector bundles, applying the results to the very interesting
exotic spheres. Their work was extended in Gilkey–Park–Tuschmann [GPT98] (see
also [CS18]). Belegradek–Wei [BW04] construct examples of vector bundles with
positive Ricci curvature over compact manifolds with almost non-negative Ricci
curvature.
The main idea on the works above is to lift positive Ricci curvature from the
base to the total space. The same principle is applied by Searle–Wilhelm [SW15]
on the context of G-manifolds:
Theorem 1.1 (Searle–Wilhelm, [SW15]). Let G be a compact, connected Lie group
acting isometrically and effectively on a compact Riemannian manifold (M, g). Sup-
pose the fundamental group of a principal orbit is finite and the orbital distance
metric on M/G has Ricci curvature ≥ 1. Then M admits a G-invariant metric g˜
with positive Ricci curvature.
The metric g˜ is obtained in two steps: one first uses a conformal change along the
singular strata, then uses Cheeger deformation. It was left the question on whether
the Cheeger deformation alone is sufficient to produce such a Ricci positively curved
metric.
Here we explore this question by presenting counter-examples (manifolds (M, g),
where g is G-invariant, RicMreg/G ≥ 1 and principal orbits have finite fundamental
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group, but g has directions with non-positive Ricci curvature even after Cheeger
deformation) and sufficient conditions on the G-action so that every metric satisfy-
ing the hypothesis on Theorem 1.1 has positive Ricci curvature after finite Cheeger
deformation. On a manifold as in the last case, we say that the Cheeger deforma-
tion is effective. The existence of the cited counter-examples reinforces the need for
a further deformation to obtain positive Ricci curvature, as in [SW15].
We recall that, given aG-invariant metric g, the Cheeger deformation is a smooth
family of G-invariant metrics gt defined in Cheeger [Che73], with g0 = g (see also
[M8¨7, Zil] for further details). The Cheeger deformation enjoys the property that
a suitable reparametrized sectional curvature is non-decreasing on t.
Assuming the hypothesis in Theorem 1.1, we show that the effectiveness of the
Cheeger deformation is solely related to the isotropic representation at singular
points (given a point p ∈ M , we call isotropy representation the representation
ρ : Gp → O(Hp), induced by the differential of the action, of the isotropy subgroup
at p on the space orthogonal to the orbit, Hp), specifically, to the existence of
fixed axes, i.e., vectors X ∈ Hp satisfying ρ(G0p)X = X , where G0p is the identity
component of Gp.
To this aim, we estimate how the second fundamental form of singular fibers
blows up with the deformation (compare [SW15, section 4]). Schur’s Lemma applied
to the curvature tensor explains the algebraic nature of our results.
Next, we state a result that guarantees the effectiveness of the Cheeger deforma-
tion. For simplicity, we restrict to the case where the isotropy representation has
at most three irreducible summands.
Theorem 1.2. Let (Mn, g) be a Riemannian manifold with an isometric G-action,
G a connected Lie group. Assume that:
(1) a principal orbit has finite fundamental group
(2) RicMreg/G ≥ 1
If g has directions with negative Ricci curvature for every finite Cheeger deforma-
tion, then
(a) there is a singular point p ∈M and a non-zero vector X ∈ Hp fixed by ρ(G0p)
(b) the restriction of ρ to X⊥ ∩Hp is reducible
Furthermore, if X⊥ ∩ Hp has exactly two ρ-irreducible summands, X⊥ ∩ Hp =
H1+H2, then (up to changing the order of the summands), for every regular vector
Y = Y1 + Y2 ∈ H1 +H2,
dimH1 − dimGpY1 > (k − 1) dimH1
dimHp − 1 ,
where k is the codimension of a principal orbit.
In particular, if the Cheeger deformation is not effective on M , then M has a
geodesic which is totally contained in the singular stratum.
Corollary 1.3. Let (M, g) be a compact Riemannian manifold with a G-invariant
metric, G a connected Lie group. Assume that:
(1) A principal orbit of G on M has finite fundamental group
(2) RicMreg/G ≥ 1
Then, g develops positive Ricci curvature after a finite Cheeger deformation if one
of the following conditions is true:
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(a) The singular strata is composed of isolated orbits;
(b) For every singular point p, the linear isotropy has, at most, three irreducible
components;
(c) No isotropy representation have fixed axis;
(d) The induced action of G on the unitary tangent T1M have no fixed points.
We also conclude a partial local converse of Theorem 1.2:
Theorem 1.4. Let G be a compact connected Lie group acting on M . Assume
that:
(a’) there is a point p whose isotropy representation, ρ : G → O(Hp), has a fixed
non-zero vector X;
(b’) there is a ρ-invariant decomposition Hp = span{X}⊕H1⊕H2 where both H1
and H2 are non-trivial and
dimH1 − dim ρ(Gp)Y1 > (k − 1) dimH1
dimHp − 1
for every ρ-regular vector Y ∈ Hp, where Y1 is the H1-component of Y .
Then there is a G-invariant metric g on a neighborhood U of p satisfying
(1) RicUreg/G ≥ 1
(2) Ricgt(X) < 0 for every Cheeger deformation gt of g
Note that Theorem 1.4 does not assume H1 irreducible. The algebraic nature of
the results arises as follow: from [SW15, Proposition 3.1] one knows that negatively
Ricci vectors could only occur on singular points. Moreover, the estimates on
section 3 guarantee that such vectors are fixed by the isotropy representation at
their footpoint, thus, given such a vector X ∈ Hp, Schur’s Lemma implies that the
restriction of RX(Y ) = R(Y,X)X to each ρ-irreducible subspace is a multiple of the
identity (recall thatRX commutes with the isotropy representation). The inequality
in Theorems 1.2 and 1.4 follows from combinatorial arguments (see Lemma 6).
In addition to Theorem 1.4, we construct a family of global examples where the
Cheeger deformation is not effective. Due to the algebraic characterization, we
are able to produce relatively simple examples such as doubly twisted metrics on
spheres:
Theorem 1.5. Let Sn be the unit sphere in Rn+1 endowed with the standard SO(n−
2)-action fixing the first 3 coordinates. Then, for each n ≥ 5, there is a SO(n− 2)-
invariant metric g on Sn satisfying:
• RicMreg/G ≥ 1;
• There is a vector X ∈ Hp such that Ricgt(X) < 0 for every Cheeger defor-
mation gt.
In [M8¨7], [Zil] one can find the following formula for a reparametrization of the
sectional curvature:
(1) κt(X,Y ) = Rg(X,Y , Y ,X) +
t3
4
‖[PU, PV ]‖2Q + zt(X,Y ),
where Q is a biinvariant metric on G, P is the orbit metric tensor and zt is non-
negative; X = X + U∗, where X is the horizontal component of X and U∗ its
vertical component. One readily observes that t
3
4 ‖[PU, PV ]‖2Q is unbounded when-
ever ‖[PU, PV ]‖2Q 6= 0, what guarantees positive Ricci curvature away from singular
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points. Our idea is to understand the behavior of the zt term at singular points.
We show that zt(X,Y ) can be unbounded whenever X is not fixed by the isotropy
representation (Proposition 3.2). However, if X is fixed by ρ, then zt(X,Hp) = 0
and the Ricci curvature of X , for large t, is dominated by the horizontal Ricci
curvature RicH(X) =
∑
iR(X, ei, ei, X), where {ei} is an orthonormal base for
Hp (compare [SC17, Theorem 6.2]). Thus, essentially, X is not affected by the
deformation and its Ricci curvature will remain non-positive if its horizontal Ricci
curvature is non-positive in the original metric.
Compared to Ricci curvature, scalar curvature is much more susceptible of be-
coming positive. Since scalar curvature does not sense particular directions, the
blow-up of zt guarantees positive scalar curvature, as far as the (connected com-
ponent of the identity of the) group is not abelian, providing a simpler proof for
Lawson–Yau [LS74]. [LS74] proves that any manifold M with non-abelian symme-
try (more precisely, with an action of a non-abelian compact connected Lie group
G) has a metric of positive scalar curvature. The metric is obtained by shrink-
ing the orbits by a scalar factor (as the canonical variation in [Bes08]), taking in
consideration delicate estimates near the singular points. On the other hand, the
symmetry group is usually reduced to S3 or SO(3). Using the estimates in section
3, one observes that positive scalar curvature is obtained by Cheeger deformation,
naturally preserving the symmetry group.
Theorem 1.6. Let (M, g) be a compact Riemannian manifold with an effective
isometric G-action, where G is a compact connected non-abelin Lie group. Then g
develops positive scalar curvature after a finite Cheeger deformation.
In section 2 we revise the basics on Cheeger deformation, following Mu¨ter [M8¨7]
and Ziller [Zil]. In section 3 we study the tensor zt at singular points and prove
item (a) of Theorem 1.2. Theorem 1.5 is proved in section 4, which is essentially
independent of the other sections. Section 5 translates the geometric criteria for
effectiveness into algebraic invariants, completing the proofs of the remaining re-
sults.
2. Cheeger deformations on G-manifolds
Here we quickly recall the procedure known as Cheeger deformation. We follow
M. Mu¨ter [M8¨7] (see also [Zil]).
Let (M, g) be a Riemannian manifold endowed with an isometric G-action, where
G is a compact Lie group, and let Q be a biinvariant metric on g, the Lie algebra of
G. For each point p ∈ M , the map φp(g) = gp induces a diffeomorphism of G
/
Gp
onto the orbit Gp, where Gp is the isotropy subgroup at p. It induces an orthogonal
decomposition g = gp ⊕ mp, where gp is the Lie algebra of Gp. In particular, mp
is isomorphic to TpGp, the isomorphism being induced by computing action fields:
given an element U ∈ g, define
U∗p =
d
dt
∣∣∣
t=0
etUp.
We denote Vp = TpGp and call it as the vertical space at p.Its orthogonal comple-
ment, Hp, is the horizontal space at p. From now on, we denotoe tangent vectors
as X,Y ∈ TpM , X = X +U∗p , Y = Y +V ∗p , where X,Y ∈ Hp and U, V ∈ mp. The
index p is supressed from U∗p , V
∗
p whenever there is no risk of ambiguity.
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The main idea in the Cheeger deformation is to consider the product manifold
M ×G, observing that the action
(2) r(p, g) := (rp, gr−1)
is free by isometries of the product metric g × 1tQ, t > 0. Its quotient space is
diffeomorphic to M , since the projection
π′ :M ×G→M(3)
(p, g) 7→ gp
is a principal bundle for action (2), thus inducing a family of submersion metrics
gt on M .
We define main tensors:
• The orbit tensor at p is the linear map P : mp → mp defined by
g(U∗, V ∗) = Q(PU, V ), ∀U∗, V ∗ ∈ Vp.
• For each t > 0, define Pt : mp → mp as
gt(U
∗, V ∗) = Q(PtU, V ), ∀U∗, V ∗ ∈ Vp.
• The metric tensor of gt, Ct : TpM → TpM is defined as
gt(X,Y ) = g(CtX,Y ), ∀X,Y ∈ TpM.
All three tensors above are symmetric and positive definite. They satisfy (see [M8¨7]
or [Zil]):
Proposition 2.1. The tensors above satisfy:
• Pt = (P−1 + t1)−1 = P (1 + tP )−1,
• If X = X + U∗ then Ct(X) = X + ((1 + tP )−1U)∗.
The reparametrization (1) is induced by the tensor C−1t :
(4) κt(X,Y ) := Rgt(C
−1
t X,C
−1
t Y ,C
−1
t Y ,C
−1
t X)
where Rg stands for the (4,1) Riemannian curvature
Rg(X,Y, Z,W ) = g(∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z,W ).
Theorem 2.2. Let X = X + U∗, Y = Y + V ∗ be tangent vectors. Then,
(5) κt(X,Y ) = Rg(X,Y , Y ,X) +
t3
4
‖[PU, PV ]‖2Q + zt(X,Y ),
where zt is non-negative.
A proof can be found in [Zil, Proposition 1.3]. A precise definition for zt in given
Lemma 3.
2.1. The Ricci curvature of a Cheeger deformation. To finish the introduc-
tion of Cheeger deformation, we present a formula for the limiting Ricci curvature.
Consider X = X+U∗ ∈ TpM and a onrthonormal base {e1, ...., en} of TpM , where
{ek+1, ..., en} is a base for Hp. We consider the horizontal Ricci curvature
(6) RicH(X) :=
n∑
i=k+1
R(X, ei, ei, X).
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Lemma 1. For X ∈ TpM ,
lim
t→∞
Ricgt(X) = Ric
H
g (X) + lim
n→∞
n∑
i=1
zn(CtX,C
1/2
t ei) +
1
4
∑
j
‖[vj , U ]‖2Q,
where {v1, ..., vk} is a Q-orthonormal base for mp.
Proof. Let {v1, . . . , vk} be a Q-orthonormal basis of eigenvectors of P , with eigen-
values λ1 ≤ . . . ≤ λk. Given a g-orthonormal basis {ek+1, .., en} of Hp, consider
the g-orthonormal basis {e1, . . . , ek, ek+1, . . . , en} of TpM , where ei = λ−1/2i v∗i for
i ≤ k.
Using Proposition 2.1, we conclude that the set {C−1/2t ei}ni=1 is a gt-orthonormal
basis for TpM . Moreover, C
−1/2
t ei = (1 + tλi)
1/2ei for i ≤ k and C−1/2t ei = ei for
i > k. We claim that the Ricci curvature gt satisfies:
Ricgt(X) =Ric
H
g (CtX) +
n∑
i=1
zt(C
1/2
t ei, CtX)(7)
+
k∑
i=1
1
1 + tλi
(
κ0(ei, CtX) +
λit
4
‖[vi, tP (1 + tP )−1U ]‖2Q
)
To prove equation (7), note that equation (5) gives
Ricgt(C
−1
t X) =
n∑
i=1
Rgt(C
−1/2
t ei, C
−1
t X,C
−1
t X,C
−1/2
t ei) =
n∑
i=1
κt(C
1/2
t ei, X)
=
n∑
i=1
κ0(C
1/2
t ei, X) +
n∑
i=1
zt(C
1/2
t ei, X) +
t3
4
k∑
i=1
‖[PC1/2t λ−1/2i vi, PXg]‖2Q
= RicHg (X) +
n∑
i=1
zt(C
1/2
t ei, X) +
k∑
i=1
1
1 + tλi
(
κ0(ei, X) +
λit
4
‖[vi, tPXg]‖2Q
)
.
Equation (7) now follows by replacing X by CtX . Note that CtX → X . Therefore,
RicHg (CtX)→ RicHg (X) and
k∑
i=1
1
1 + tλi
κ0(ei, CtX)→ 0
and
k∑
i=1
tλi
1 + tλi
1
4
‖[vi, tP (1 + tP )−1U ]‖2Q →
k∑
i=1
1
4
‖[vi, U ]‖2Q 
We further notice that scalar curvature behaves in a similar way:
(8) scalgt(p) =
n∑
i,j=1
Kg(C
1/2
t ei, C
1/2
t ej) + zt(C
1/2
t ei, C
1/2
t ej)
+
k∑
i,j=1
λiλjt
3
(1 + tλi)(1 + tλj)
1
4
‖[vi, vj ]‖2Q.
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3. The geometry at singular points
Given a compact connected manifold M endowed with a smooth G-action, G
compact, there is an open and dense subset M reg ⊂ M , called the regular part
whose orbit type is maximum (see e.g. Bredon [Bre72, IV.3]). Orbits of smaller
dimension are called singular.
The tensor P looses rank when we move from the regular part to a singular
orbit. Such lost of rank directly affects the term t
3
4 ‖[PU, PV ]‖2Q in (1), leaving zt
as the only hope to increase the initial curvature. Here we provide lower estimates
for zt on singular orbits, proving Theorem 1.3. We achieve the estimates by using
the continuity of zt along a geodesic leaving the singular part to the regular part
(which always exist, since the regular part is open and dense).
Let O ⊂ M be an (singular) orbit and consider a horizontal geodesic γ, γ(0) =
p ∈ O. Fixed γ, we identify a subspace of Hp whose vectors, in some sense, behave
like vertical vectors. This space depends on the choice of γ.
Note thatHp is an invariant subspace with respect to the isotropy representation
ofG. Denote the restriction of the isotropy representation toHp as ρ : Gp → O(Hp).
Observe that the differential of ρ defines a map dρ : gp → o(Hp). Given U ∈ gp,
we think of dρ(U) as a skew-symmetric endomorphism of Hp.
By recalling that the geodesic exponential defines a Gp-equivariant map from
TpM to M , one readily observes that dρ(U)X = (∇XU∗)p. Note that dρ(U) is
skew-symmetric, since U∗ is Killing. More generally, define
S˜X : g→ TpM
U 7→ ∇XU∗(0).
Also recall that U∗(s) := U∗(γ(s)) is a Jacobi field along γ.
Lemma 2. Let X ∈ Hp and γ(s) = expp(sX). Then,
(i) S˜X(gp) ⊆ Hp. Moreover, for sufficiently small ǫ > 0,
H˜t =
{
Hγ(t), t 6= 0
(S˜X(gp))
⊥, t = 0
is a smooth bundle on γ(−ǫ, ǫ);
(ii) gp ∩ ker S˜X = gX , the Lie algebra of GX = {g ∈ Gp | ρ(g)X = X}.
Proof. We follow Wilking [Wil07] or Gromoll–Walschap [GW09]. Let
J = span{U∗|γ | U ∈ g} ∪ {J | J(0) = 0, J ′(0) ∈ Hγ(0)}.
Given J1, J2 ∈ J , we have
g(J ′1(s), J2(s)) = g(J1(s), J
′
2(s))
for all s. That is, J is a (n − 1)-dimensional family of normal Jacobi fields with
self-adjoint Ricatti operator, as in Wilking [Wil07] or Gromoll–Walschap [GW09].
It follows that
(9) γ˙(s)⊥ = span{J(s) | J ∈ J } ⊕ span{J ′(s) | J ∈ J , J(s) = 0}
is an orthogonal splitting of γ˙(s)⊥ ⊂ Tγ(s)M . If U∗(0) = 0, for all V ∈ g we have
g(∇XU∗(0), V ∗(0)) = g(U∗(0),∇XV ∗(0)) = 0
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In particular, ∇XU∗(0) ∈ Hp. The second statement in item (i) follows from
[GW09, Wil07]. Item (ii) follows directly from the identity dρ(U)X = ∇XU∗(0).

Denote by pX := gp ∩ (gX)⊥, the Q-orthogonal complement of gX on gp. It
follows that:
Corollary 3.1. The restriction S˜X |pX : pX → Hp is injective.
Definition 1. Let p be a singular point and X ∈ Hp. Elements in the image
S˜X(pX) are called fake horizontal vectors with respect to X. Given Y ∈ Hp, we
denote by YpX the unique element of pX = gp⊖gX such that S˜XYpX is the orthogonal
projection of Y to S˜X(gp).
Remark. The idea of taking the limit of horizontal vectors along horizontal geodesics
is present in Searle-Wilhlelm [SW15]. Here we only provide straightforward esti-
mates for zt. A deeper study can be found in [SW15, Section 4].
3.1. The zt-term. Our main estimative is the following:
Proposition 3.2. Given X,Y ∈ Hp,
(10) zt(X,Y ) ≥ 3t
‖S˜XYpX‖4g
‖YpX‖2Q
.
Given Z ∈ g, we define the auxiliary 1-form
wZ : TM → R(11)
X 7→ 12g(X,Z∗),(12)
where Z∗ is the action vector associated to Z.
To prove Proposition 3.2, we take advantage of Lemma 2 and the following
characterization of zt, due to Mu¨tter [M8¨7] (see [M8¨7, Page 23, Lemma 3.9] for a
proof 1):
Lemma 3. For every X = X + U∗, Y = Y + V ∗, zt satisfies
(13) zt(X,Y ) = 3t max
Z∈g
‖Z‖Q=1
{dwZ(X,Y ) + t2Q([PU, PV ], Z)}2
tg(Z∗, Z∗) + 1
.
Moreover, at regular points,
dwZ(V
∗, X) =
1
2
Xg(V ∗, Z∗) = −g(SXV ∗, Z∗),(14)
dwZ(X,Y ) = −1
2
g([X,Y ]V , Z∗) = −g(AXY, Z∗),(15)
where AXY = pV(∇XY ), SXV ∗ = −pV(∇XV ∗) and pV is the orthogonal projection
onto V = H⊥.
Given X ∈ Hp, γ(s) = exp(sX) and a fake horizontal vector U ∈ S˜X(pX), we
define
(16) U(s) :=
1
s
U∗pX (γ(s)).
1Contrary to [M8¨7, Zil], we use the convention dω(X, Y ) = Xω(Y )− Y ω(X) − ω([X, Y ]).
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It is easy to see that U(s) is well defined and that U(0) = U . In fact,
(17) lim
s→0
U(s) = ∇XU∗pX (0) = dρ(UpX )X = U.
Our next goal is to compute dwZ(U,X). For any W ∈ g, we write W ∗(s) :=
W ∗(γ(s)).
Claim 1. Given U ∈ S˜X(pX), lim
s→0+
dwZ(U(s), X(s)) = g (U,∇XZ∗(0)) .
Proof. For the proof, we assume that the geodesic γ intersects a principal orbit for
some, and therefore a dense and open set of, s > 0. Although this is not necessarily
true for every choice of horizontal vector X , there is an open and dense set of
directions with this property. By the continuity of zt, the estimates holds for all
directions. We first note that equation (14) gives
(18)
1
2
Xg(U∗pX , Z
∗)|s=0 = dwZ(U∗pX (0), X) = 0,
since UpX ∈ gp and therefore, U∗pX (0) = 0.
For s > 0, again by equation (14) we have
dwZ(U(s), X(s)) =
1
2s
Xg(U∗pX (s), Z
∗(s)).
Therefore, by equation (18)
lim
s→0+
dwZ(U(s), X(s)) =
1
2
∂2
∂s2
∣∣∣
s=0
g(U∗pX (s), Z
∗(s))
=
1
2
{
g
(
D2
ds2
U∗pX (0), Z
∗(0)
)
+ g
(
U∗pX (0),
D2
ds2
Z∗(0)
)
+ 2g
(
D
ds
U∗pX (0),
D
ds
Z∗(0)
)}
.
Claim (1) follows since D
2
ds2U
∗
pX
(0) = −R(U∗pX (0), X(0))X(0) = 0 and DdsU∗pX (0) =
U by equation (17). 
Proof of Proposition 3.2. Since zt(X,Y ) ≥ 0, Proposition 3.2 follows immediately
for Y⊥S˜X(gp) (in this case, YpX = 0). Otherwise, take Z = YpX/‖YpX‖Q in
equation (13) and apply Claim 1. We get
zt(X,Y ) ≥ 3t
g
(
Y, DdsZ
∗(0)
)2
tg(Z∗(0), Z∗(0)) + 1
= 3tg
(
Y,
S˜XYp
‖YpX‖Q
)2
= 3t
‖S˜XYpX‖4g
‖YpX‖2Q
,
since Z∗(0) = 0 and DdsZ
∗(0) = S˜XYp‖Yp‖Q . 
3.2. Sufficient conditions for positive Ricci curvature: Proof of Theorem
1.2 item (a). The goal of this section is to prove item (a) of Theorem 1.2. Corollary
1.3 follows since, in every stated case, item (a) of Theorem 1.2 is contradicted.
Theorem 1.2 is proved using a convergent (sub)sequence. Assume that M sat-
isfies hypothesis (1) and (2) in Theorem 1.2. By hypothesis, for every n there is a
g-unitary vectorXn = Xn+U
∗
n ∈ TpnM such that Ricgn(Xn) < 0. Taking a conver-
gent subsequence, there is an L > 0 and a limiting g-unitary vectorX = limn→∞Xn
such that Ricgt(X) ≤ 0 for all t > L. We show that p = limn→∞ pn lies on a sin-
gular orbit (Claim 2) and that ρ(G0p)X = X . Using the notation in section 2.1,
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Lemma 1 gives
(19) 0 ≥ RicHg (X) + limn→∞
n∑
i=1
zn(CtX,C
1/2
t ei) +
1
4
∑
j
‖[vj , U ]‖2Q.
We conclude that U = 0, since the last term is positive whenever U 6= 0: recall
that 14
∑
j ‖[vj , U ]‖2Q is the Ricci curvature of the normal homogeneous space G/Gp,
with respect to the metric Q. Such space has positive Ricci curvature as long as
π1(G/Gp) is finite. On the other hand, π1(G/H) is finite, where H is a principal
isotropy group. Following Bredon [Bre72, section IV.3], we can assume (up to
conjugation) that H < Gp. The long homotopy sequence of Gp/H →֒ G/H →
G/Gp gives:
· · · → π1(G/H)→ π1(G/Gp)→ π0(Gp/H)→ · · ·
Therefore, π1(G/Gp) is finite if and only if Gp/H has a finite number of connected
components. However, Gp is a compact manifold, since it is a closed subgroup of
the compact Lie group G, therefore it has only a finite number of components.
Furthermore, since the zt-term in (19) is non-negative, we conclude that Ric
H
g (X) ≤
0. Keeping in mind that RicMreg/G ≥ 1, the next claim shows that p is not regular.
Claim 2. Consider the Riemannian submersion π: (M reg, g) → (M reg/G, g¯). If
p ∈M reg, then,
(20) lim
t→∞Ricgt(X) = Ricg¯(dπX).
Proof. Claim 2 follows from Proposition 3.3 in [SW15], we provide a proof for the
sake of completeness. As in section 2.1, Observe that
lim
t→∞
Ricgt(X) = Ric
H
g (X) +
n∑
i=1
lim
t→∞
z(C
1/2
t ei, X),
as long as lim zt(C
1/2
t ei, X) exists for all i. Lemma 3 (see also Mu¨ter [M8¨7] or Ziller
[Zil]) gives:
zt(X,Y ) = 3 max
Z∈g
‖Z‖Q=1
{
g(AXY, Z
∗)2
g(Z∗, Z∗) + t−1
}
(21)
zt(X,W
∗) = 3 max
Z∈g
‖Z‖Q=1
{
g(SXW
∗, Z∗)2
g(Z∗, Z∗) + t−1
}
(22)
for all Y ∈ Hp,W ∈ g. In particular, zt(C1/2t ei, X)→ 0 for i ≤ k, since C1/2t ei → 0.
On the other hand, O’Neill’s submersion formula and (5) give
Kg¯(dπX, dπY )−Kgt(X,Y ) = 3‖AXY ‖2g − zt(X,Y ).
The claim follows since zt(X,Y )→ 3‖AXY ‖2g. 
To conclude Theorem 1.2 item (a), note that dρ(gp)X = 0. If not, there is Y ∈
Hp such that S˜XY 6= 0, thus Proposition 3.2 and Lemma 1 gives Ricgt(X)→ +∞.
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3.3. Lawson–Yau theorem. As an application of Proposition 3.2, we provide a
simpler proof2 for Lawson–Yau Theorem [LS74]:
Theorem 3.3. Let (M, g) be a compact Riemannian manifold with an effective
isometric G-action, where G is a compact connected non-abelian Lie group. Then
gt has positive scalar curvature, for a finite Cheeger deformation gt.
Proof. We argue by contradiction. Assume that for each n ∈ N there is pn ∈ M
such that scalgn(pn) ≤ 0. Possibly passing to a convergent subsequence, we obtain
a limit point p ∈M such that scalgn(p) ≤ 0 for all big n.
By taking t → ∞, observe that the rightmost term on equation (8) diverges
to +∞, unless p is singular. However, if p is a singular point, there is a pair of
horizontal vector X,Y such that Y is a fake horizontal with respect to X . Taking
X = ek+1, Y = ek+2, Proposition 3.2 gives scalgn(p) ≥ scalg(p)+zn(ek+1, ek+2)→
+∞, a contradiction with the choice of p. 
4. Fixed axes and an algebraic description of Ricci curvature
As we see in section 3.2, the (possible) non-effectiveness of the deformation is
directly connected to the existence of fixed axes. In this section we further explore
the Ricci curvature on fixed axes and use it to provide examples of closed manifolds
where the deformation is not effective.
From now on, we consider a fixed Riemannian manifold (Mn, g) equipped with
an effective isometric G-action satisfying the hypothesis in Theorem 1.1. The next
proposition guarantees that the non-effectiveness of Cheeger deformation is related
to the horizontal Ricci curvature on fixed axes, RicHg (X).
Proposition 4.1. Let X ∈ Hp be a fixed axis. Then, for every Y ∈ Hp,
(23) zt(X,Y ) = 0, ∀t.
In particular, lim
t→∞Ricgt(X) = Ric
H
g (X).
Proof. It is enough to prove that dwZ(X,Y ) = 0, ∀Z ∈ g. Using the definition of
the exterior derivative and recalling that Z∗ is Killing, we have
2dwZ(X,Y ) = Xg(Z
∗, Y )− Y g(Z∗, X)− g([X,Y ], Z∗) = 2g(∇XZ∗, Y ),
which is zero since S˜X = 0. 
Combining Proposition 4.1 and section 3.2, one concludes that (M, gt) has pos-
itive Ricci curvature for big t if and only if RicHg (X) > 0 for all fixed axis X .
Corollary 4.2. Suppose (M, g) satisfies
(1) a principal orbit has finite fundamental group
(2) RicMreg/G ≥ 1
Then, (M, gt) has positive Ricci curvature for all big t if and only if Ric
H
g (X) > 0
for all fixed axis X ∈ H.
Moreover, taking Lemma 1 into account, we conclude that Ricgt(X) < 0 for all
large t (as in Claim 2, zt(X,C
1/2
t V
∗)→ 0 for all V ∈ g.)
2Such an alternative proof, using Cheeger deformations, was known to F. Wilehlm
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4.1. The Ricci tensor on fixed axes. Let R be the Riemannian tensor associated
to the Levi-Civita connection of g. Let X be a fixed axis and consider the operator
RX := R(·, X)X . Given Y ∈ TpM , we recall that
(24) ρ˜(r) ◦RX(Y ) = R(ρ˜(r)Y , ρ˜(r)X)ρ˜(r)X = R(ρ˜(r)Y ,X)X = RX(ρ˜(r)Y ),
for all r ∈ Gp, where ρ˜ : Gp → O(TpM) is the full isotropy representation (not its
restriction to the horizontal space). In particular, Schur’s Lemma ([SS96, Page 13,
Proposition 4]) applies and RX is block diagonal on each irreducible subspace of ρ˜.
We state it as a Lemma:
Lemma 4. Let V ⊂ TpM be irreducible with respect to ρ˜. Then, RX |V is a multiple
of the identity.
In particular, since Hp is ρ˜-invariant, RX(Hp) ⊆ Hp. Moreover, since RX(X) =
0, Hp ∩ X⊥ is RX -invariant. From now on, we abuse notation and consider only
the restriction RX : Hp ∩X⊥ → Hp ∩X⊥. In this notation, RicHg (X) = trRX .
Corollary 4.2 guarantees that the Cheeger deformation is ineffective on M once
we construct a metric satisfying conditions (1)-(2) and RicHg (X) < 0 for some
fixed axis X . Although it is reasonably simple to produce a metric such that
RicHg (X) < 0, condition (2) does impose restrictions toRX : let l be the codimension
of a regular orbit. Since limt→∞Ricgt(X
′) ≥ 1 for every X ′ ∈ H in the regular
part (see Claim 2), whenever W ⊆ Hp is a l-subspace which is the limit of regular
horizontal subspaces,
(25) RicWg (X) :=
l−1∑
i=1
Rg(X, ei, ei, X) = lim
t→∞
l−1∑
i=1
Rgt(X, ei, ei, X) ≥ 1,
where {e0, e1, ..., el−1} is an orthonormal base forW , the last equality follows since
zt(X, ei) = 0 for all i (Proposition 4.1). However, the set of such W ’s can be
restricted enough so that (25) holds and RicHg (X) < 0.
Let c(s) be a smooth curve with c(0) = p such that c(s) ∈ M reg for s > 0. For
every s, Hc(s) defines a curve in Grl(TM). Any limiting subspace W of the curve
Hc(s) ∈ Grl(TM), s → 0 must satisfy (25). One concludes that every such W
arises this way. We call such W as limiting horizontal spaces. Denote the set of all
limiting horizontal spaces at p as W˜p.
Lemma 5. Let W ∈ W˜p. Then there is Y ∈ Hp such that W = (S˜Y gp)⊥ =
(dρ(gp)Y )
⊥.
Proof. Let c(s) be a smooth curve such that W is a limit of Hc(s). A smooth base
for Hc(s), s ∈ (0, ǫ), ǫ small enough, is given by { 1sv∗1 , ..., 1sv∗d, v∗d+1, ..., v∗k}, where
{v1, ..., vk} is a basis for mc(ǫ), v∗1 , ..., v∗d ∈ gp and v∗d+1, ..., v∗k are Q-orthogonal to
gp. Since v
∗
i (c(s))→ 0 for i ≤ d, we have
lim
s→0
1
s
v∗i (c(s)) = ∇c˙(0)v∗i = S˜c˙(0)v∗i .
The Lemma follows since {v1, ..., vd} must span pX . 
Since dρ(gp)X = 0, X ∈ W for all W ∈ W˜p. We assume e0 = X in the W-basis.
We conclude that, the Cheeger deformation is not effective as far as X ∈ Hp
meets the following requirements:
(1’) RicHg (X) < 0
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(2’) RicWg (X) ≥ 1 for all W ∈ W˜p
Observe that, if Hp∩X⊥ is ρ-irreducible, condition (2’) implies that RicW(X) >
0. This proves condition (b) on Theorem 1.3.
4.2. Algebraic description of effectiveness. This section is dedicated to present
a combinatorial description of conditions (1’), (2’). To avoid technical issues, we
assume Hp = span{X}⊕H1⊕H2, where Hi are ρ-irreducible subspaces, so RX has
exactly two distinct eigenvalues λ1, λ2 . We provide an existence result for λ1, λ2,
such that (1’), (2’) are met.
Remark. To construct non-effective metrics using the given λ1, λ2, one just needs
to assume H1,H2 ρ-invariant. Irreducibility is only needed to prove Theorem 1.2.
Consider the orthogonal projections
pi : Hp → Hi.
Then, for all Y ∈ Hp ∩X⊥,
RX(Y ) = λ1‖p1Y ‖2 + λ2‖p2Y ‖2,
where λi are the constants determined by Schur’s Lemma. In particular, Ric
H(X) =
λ1 dimH1 + λ2 dimH2 and, for W ∈ W˜p,
(26) RicW(X) =
l∑
i=1
(
λ1‖p1ei‖2 + λ2‖p2ei‖2
)
= λ1 tr(p1|W) + λ2 tr(p2|W).
The existence of λ1, λ2 satisfying (1’), (2’) is totally translated as properties of
the set
A = {(tr(p1|W), tr(p2|W)) ∈ R2 | W ∈ W˜p}
We arrive at:
Problem 1. Let A ⊂ R2 be some given collection of real numbers satisfying a+b =
l− 1 ∀(a, b) ∈ A. Find λ1, λ2 ∈ R such that
(27) aλ1 + bλ2 ≥ 1, ∀(a, b) ∈ A
and,
(28) λ1 dimH1 + λ2 dimH2 < 0.
Lemma 6 gives necessary and sufficient conditions to solve Problem 1.
Lemma 6. Denote by A := dimH1 and B := dimH2. Then, Problem 1 has an
affirmative answer if, and only if, either
(29) inf
(a,b)∈A
{a} > A(l − 1)
A+B
,
or
(30) sup
(a,b)∈A
{a} < A(l − 1)
A+B
.
Proof. From conditions (27),(28), it is clear that λ1λ2 < 0. Moreover, if λ1, λ2 is
a solution to Problem 1, so it is −λ1,−λ2, if you interchange the roles of H1 and
H2. The two conditions stated on Lemma 6 differs by the sign of λ1. We suppose
λ1 > 0 and prove (29), condition (30) is obtained in a similar fashion, interchanging
H1 with H2.
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To see that (29) is necessary, suppose Problem 1 has an affirmative answer with
λ1 > 0. Let (a, b) ∈ A. Equation (27) gives a > −λ2λ1 b+ ǫλ1 , for some 0 < ǫ < 1, so
a > (a− (l − 1))λ2λ1 + ǫλ1 , since a+ b = l − 1. We get
a > (l − 1) −
λ2
λ1
(1− λ2λ1 )
+
ǫ
λ1 − λ2 .
On the other hand, Equation (28) gives AB < −λ2λ1 . Since the function f(x) = xx+1
is increasing in ]0,∞[, we conclude that
a > (l − 1)
A
B
(AB + 1)
+
ǫ
λ1 − λ2 =
(l − 1)A
A+B
+
ǫ
λ1 − λ2 ,
for every (a, b) ∈ A, proving condition (29).
Conversely, suppose that there is ǫ > 0 such that
a ≥ A(l − 1) + 2ǫB
A+B
for every (a, b) ∈ A. Since a+ b = l− 1, we have a(A+B)− 2ǫB ≥ A(a+ b), thus
a−2ǫ
b ≥ AB whenever b 6= 0. Choose λ1, λ2 such that λ1 > 0 and a−ǫb ≥ −λ2λ1 > AB .
We obtain 0 > λ1A+λ2B and λ1a+λ2b ≥ ǫ for every (a, b) ∈ A, b 6= 0. The Lemma
follows since, when λ1 > 0, equation (27) is automatically satisfied for b = 0. 
We conclude that the Cheeger deformation is not effective in any G-invariant
metric satisfying RX = λ1p1 + λ2p2 (recall that RX stands for the curvature op-
erator R(−, X)X restricted to Hp ∩X⊥), where tr(p1|W) ≥ A(l−1)A+B and λ1, λ2 are
given in Lemma 6. We are in place to prove the following intermediate version of
Theorem 1.4:
Proposition 4.3. Suppose Hp ∩X⊥ has a ρ-invariant subspace H1 such that
(31) inf
W∈W˜p
{tr(p1|W)} > dimH1(l − 1)
dimHp − 1 .
Then there is a G-invariant metric g on a neighborhood U of p satisfying
(1) RicUreg/G ≥ 1,
(2) Ricgt(X) < 0 for every Cheeger deformation gt of g.
Proof. Since the only restrictions are on second jets, existence of such a metric
should follow from classical theory. Nevertheless, it is worth observing that a double
warped product does the job:
Consider a biinvariant metric Q on G and recall that there is a G-invariant
neighborhood of p equivariantly diffeomorphic to G×ρHp. It is sufficient to define
a ρ(Gp)-invariant metric on Hp such that RX = λ1p1 + λ2p2 and, for some c > 0,
RicW ≥ c for all W ∈ W˜p.
Write Hp ∼= R× Rn1 × Rn2 , where R stands for the fixed axis and Rn1 ,Rn2 for
the two ρ(Gp)-invariant subspaces H1,H2, respectively. Consider the metric:
(32) g¯ = dt2 + φ2 (t) ds2Rn1 + ψ
2 (t) ds2Rn2 ,
where ds2
Rni
is the standard flat metric of Rni and
φ(t) = 1√
λ1
sin
(√
λ1t
)
,(33)
ψ(t) = 1√−λ2 exp
(√−λ2t− b) ,(34)
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for some b > 0 to be fixed later. In the notation of [Pet06, page 71], given V, V ′ ∈
TRn1, W,W ′ ∈ TRn2 , we have
ℜg¯(X,V ) = λ1X ∧ V,(35)
ℜg¯(X,W ) = λ2X ∧W,(36)
ℜg¯(V, V ′) = λ1V ∧ V ′,(37)
ℜg¯(W,W ′) = −λ2
(
exp(b−
√
−λ2t)2 − 1
)
W ∧W ′,(38)
ℜg¯(V,W ) = −
√
−λ1λ2 cot(
√
λ1t)V ∧W,(39)
where ℜg¯ is the curvature tensor of g¯ and X ∧ Y (v) = g(Y, v)X − g(X, v)Y . In
particular, RX = λ1p1 + λ2p2, as desired. To verify that Ric
W ≥ c at p, identify
R× Rn1 × Rn2 with Hp in such a way that p is the point (t0, 0, 0), where
(40) −
√
−λ1λ2 cot(
√
λ1t0) ≥ max
{
λ1, (1 − λ2) A+B
A(l − 1)
}
.
Choose b >
√−λ2t0. Using (35)-(39), we conclude that, given αX + V +W ∈ W ,
RicW(αX + V +W ) = α2RicW(X) + RicW(V ) + RicW(W ).
Note that RicW(X) ≥ 1 by Lemma 6 and that RicW(V ) ≥ λ1‖V ‖2 (equations
(35),(37) and (39)). RicW(W ), on its turn, satisfies
RicW(W ) ≥ K(X,W ) + tr(p1|W)(−
√
−λ1λ2 cot(
√
λ1t0))‖W‖2 ≥ λ1‖W‖2,
since tr(p1|W) ≥ A(l−1)A+B and t0 satisfies (40). In particular, a suitable rescaling of
(32) completes the proof. 
Next, we provide global examples where the Cheeger deformation is not effective.
The proof of Theorem 1.4 is completed in section 5, where we prove:
inf
W∈W˜p
{tr(p1|W)} = dimH1 − dim ρ(Gp)Y1.
4.3. A family of counter examples. Here we apply Lemma 6 to prove Theorem
1.5. Our model example consists in a doubly warped metric in the sphere S5 ⊂ R6,
with the usual mono-axial SO(3)-action.
(1) Consider S5 ⊂ R6 with the standard mono-axial SO(3)-action that fixes the
first three coordinates. Take p = (1, 0, 0, 0, 0, 0) and X = (0, 1, 0, 0, 0, 0).
Note that Gp = GX = SO(3).
(2) Regular orbits are diffeomorphic to 2-spheres. Therefore l, the dimension
of the horizontal space on regular points, is 3.
Denote Hp = span{X}⊕H1⊕H2, is the ρ-invariant decomposition where H1 =
span{(0, 0, 1, 0, 0, 0)} and H2 is given by the last three coordinates. Thus, A = 1
and B = 3 in Lemma 6. Let us show that tr(p1|W) ≥ 1 > 12 for all W ∈ W˜p:
Given Y ∈ H1⊕H2, ρ(SO(3))Y ⊂ H2, therefore (0, 0, 1, 0, 0, 0) ∈ (dρ(so(3))Y )⊥
for every Y . Using Lemma 5, we conclude that tr(p1|W) = 1 for all W . Lemma
6 guarantees that there are λ1, λ2 such that, if g satisfies RX |Hi = λi id, then
Ricgt(X) < 0 for all big t. Consider the doubly warped metric
(41) g = dt2 + φ2 (t) ds2
S2
+ ψ2 (t) ds2
S2
,
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where t ∈
(
π
2
√
λ1
, π√
λ1
)
; φ is as in (33); ψ is as in (34) (with an arbitrary b) for
t ∈
(
π
2
√
λ1
, π
2
√
λ1
+ ǫ
)
and arbitrary in
[
π
2
√
λ1
+ ǫ, π√
λ1
)
(as long as it defines a
smooth metric on S5). Here the first ds2
S2
is related to the first tree coordinates in
S
5 and the second to the last three coordinates. The fixed points corresponds to
t = π/2
√
λ1 which, by continuity of the metric, have RX = λ1p1+λ2p2. Moreover,
the action is transitive in the second S2 and the quotient space, S5/SO(3), is a disc
with the warped metric
g˜ = dt2 + 1λ1 sin(
√
λ1t)
2ds2
S2
,
which has constant positive curvature. The sphere S5 with (a rescaling of) (41) is
our first example whose orbits have finite fundamental group, the quotient metric
satisfies RicM/G ≥ 1 and the Cheeger deformation is ineffective.
For higher dimensions, consider Sn with the standard mono-axial SO(n − 2)-
action fixing the first three coordinates. Take p = (1, 0, 0, ..., 0), X = (0, 1, 0, ..., 0),
H1 = span{(0, 0, 1, 0, ..., 0)} and H2 its orthogonal complement (in the standard
metric in Rn+1). Note that regular orbits have dimension n − 3. Following along
the same lines as in the S5-case, one proves that
tr(p1|W) = 1 > (l − 1) dimH1
dimHp − 1 =
2
n− 1
for everyW ∈ W˜p. Keeping the same warping functions, the doubly warped metric
g = dt2 + φ2 (t) ds2
S2
+ ψ2 (t) ds2
Sn−3
,
has all the desired properties.
5. An algebraic criterium for non-positive Ricci curvature
The purpose of this section is to complete the proofs of Theorems 1.2 and 1.4, by
computing inf{tr(p1|W)} as an invariant of the action. To this aim, fix a ρ-invariant
inner product on Hp and let R be the regular part of Hp with respect to ρ. We
prove:
Proposition 5.1. Suppose dρ(gp)X = 0 and Hp = span{X} ⊕ H1 ⊕ H2 is a
ρ-invariant decomposition. For every Y ∈ R, write Yi as its Hi-component. Then,
inf
W∈W˜p
{tr(p1|W)} = inf
Y ∈R
{dimH1 − dim ρ(Gp)Y1}.
Proof. Let us fix Y = Y1+Y2 ∈ R and, for every α > 0, defineWα=(dρ(gp)(αY1 + Y2))⊥.
It is sufficient to show that
(42) inf
α>0
{tr(p1|Wα)} = dimH1 − dim ρ(Gp)Y1.
Write Wα =W1 ⊕W2 ⊕Wα12, where
W1 := ker p2 ∩Wα,(43)
W2 := ker p1 ∩Wα,(44)
Wα12 :=Wα ∩ (W1 ⊕W2)⊥ ,(45)
where pi is the Hi-projection. Note that W1,W2 do not depend on α, since Wi =
{Zi ∈ Hi | Zi ⊥ dρ(gp)Yi}. Observe also that the dimension of Wα12 does not
depend on α, moreover:
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Lemma 7. There are constants c, C > 0, not depending on α, such that
1
1 + cα2
≤ ‖p1(vα)‖
2
‖vα‖2 ≤
1
1 + Cα2
for every vα ∈ Wα12.
Proof. Denote M = dρ(gp)Y1 ⊕ dρ(gp)Y2 and note that Wα12 ∈ M. Let Mα12 be
the orthogonal complement of Wα12 in M and note that both p1|Mα12 , p2|Mα12 are
isomorphisms onto their image: an element in ker p1|Mα
12
lies inH2 and is orthogonal
to both W2 and Wα12, however p2(W2 +Wα12) = H2 for every α > 0. Analogously,
ker p2|Mα
12
= {0}. Moreover, given Z1+Z2 ∈M112, αZ1+Z2 ∈Mα12. In particular,
there is an invertible linear map T : p1(M)→ p2(M) such that
Z ∈ Mα12 ⇐⇒ Z = αZ1 + T (Z1), for some Z1 ∈ p1(M).
We conclude that:
W ∈ Wα12 ⇐⇒W =W1 − α(T ∗)−1W1, for some W1 ∈ p1(M).
Using that ‖T ‖−1 ≤ ‖T−1‖ and ‖T ∗‖ = ‖T ‖, we have
‖W1‖2 + α2‖T ‖−2‖W1‖2 ≤ ‖W‖2 ≤ ‖W1‖2 + α2‖(T−1)‖2‖W1‖2. 
Now we estimate tr(p1|Wα). Since W2 ⊂ ker p1, we take orthonormal basis
{e1, ..., ed1} and {eα1 , ..., eαd } for W1 and Wα12, respectively, and consider:
tr(p1|Wα) =
d1∑
j
〈p1ej , ej〉+
d∑
k
〈p1eαk , eαk 〉 = dimW1 +
d∑
k
‖p1eαk‖2.
Lemma 7 gives:
(46) dimW1 + 1
1 + cα
dimWα12 ≤ tr(p1|Wα) ≤ dimW1 +
1
1 + Cα
dimWα12.
By taking α→∞, we conclude that infα{tr(p1|Wα)} = dimW1. On the other hand,
W1 = (dρ(gp)Y1)⊥ ∩ H1, therefore dim ρ(Gp)Y1 + dimW1 = dimH1, completing
the proof. 
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